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Intramolecular singlet fission (iSF) materials provide remarkable advantages in terms of tunable
electronic structures, and quantum chemistry studies have indicated strong electronic coupling mod-
ulation by high frequency phonon modes. In this work, we formulate a microscopic model of iSF
with simultaneous diagonal and off-diagonal coupling to high-frequency modes. A non-perturbative
treatment, the Dirac-Frenkel time-dependent variational approach is adopted using the multiple
Davydov trial states. It is shown that both diagonal and off-diagonal coupling can aid efficient
singlet fission if excitonic coupling is weak, and fission is only facilitated by diagonal coupling if
excitonic coupling is strong. In the presence of off-diagonal coupling, it is found that high frequency
modes create additional fission channels for rapid iSF. Results presented here may help provide
guiding principles for design of efficient singlet fission materials by directly tuning singlet-triplet
interstate coupling.
I. INTRODUCTION
Singlet fission (SF) is a multielectron process in which
a singlet exciton generated by light irradiation is con-
verted to two triplet excitons.[1–3] In 1965, SF was first
coined to explain photophysics in anthracene crystals.[4]
In recent years, interest in SF has been renewed because
of its potential to increase maximum efficiency of organic
solar cells.[5–7] As a result, SF has been studied in var-
ious organic materials of polyacenes,[8] polyenes,[9] and
other chromophores, such as perylenediimide and tert-
butyl-substituted terrylenes.[10, 11]
To date, most efforts have been dedicated to under-
standing intermolecular singlet fission (xSF), in which a
singlet state on one molecule couples with the ground-
state of neighboring molecules to form an intermolec-
ular correlated triplet pair. The xSF mainly involves
conventional SF materials, such as crystalline solids of
pentacene,[12, 13] tetracene,[14, 15] and other organic
materials.[10, 16] Mechanisms of xSF have been the
focus of many ultrafast spectroscopic measurements[3,
12–15] and extensive theoretical studies based on
dynamics simualtions[17–26] and electronic structures
calculations.[27–31] However, due to intermolecular na-
ture of xSF, the efficiency of this process is highly sen-
sitive to geometric stacking, crystal environment, side-
group, and other factors.[24, 32–34] Devices based on
xSF which manipulate crystal packing are limited by the
lack of high throughput processing strategies of devel-
oping highly ordered molecular structures. Difficulties
in engineering molecular packing morphology have pro-
moted the development of intramolecular singlet fission
(iSF), in which the two long-lived triplets are located on
the same molecule.[35] Achieved in 2015,[36] iSF mate-
rials offer great advantages in terms of tunable molec-
ular and electronic structures, and have included a se-
ries of chromophore dimers with a conjugated linker,[37–
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41, 41] such as covalently coupled pentacenes,[42, 43]
and a covalent tetracene dimer.[37] Recent transient
absorption measurements for diphenyl-dicyano-oligoene
groups (DPDCn) molecules have shown that xSF oc-
curs in DPDCn in acetonitrile solution, while in DPDCn
solid films, iSF dominates.[44, 45] Based on these find-
ings, Trinh et al. suggested that efficient SF can be
achieved by independent tuning of singlet-triplet pair
coupling and triplet pair splitting.[45] However, a lim-
ited understanding of detailed xSF and iSF mechanisms
hinders the design of versatile SF materials. In particu-
lar, a unified treatment of phonon effects remains elusive
[19, 20, 40, 42, 46].
In organic crystals, fluctuations in electronic ener-
gies are induced by intramolecular vibrations.[19, 20]
(Note that this type of exciton-phonon coupling is of-
ten called diagonal coupling.) Recently, ultrafast spec-
troscopic measurements in the xSF materials have shown
that phonon modes coupled to electronic excitations play
a crucial role in the xSF process.[47–49] In particular,
high-frequency modes of pentacene derivatives[46, 50, 51]
and crystalline tetracene [52, 53] are found to facilitate
efficient fission by resonances between vibrational modes
and energy splittings of electronic states. On the other
hand, intermolecular vibrations of the crystals induce
off-diagonal exciton-phonon coupling which modulates
the electronic coupling between the singlet and triplet
pair state. Berckelbach et. al have considered the off-
diagonal coupling in acene crystals and demonstrated
that it plays a minor role because frequencies of the in-
termolecular vibrations are significantly lower than the
energy difference between the singlet and the triplet pair
state.[20] Effects of those forms of exciton-phonon cou-
pling on xSF are usually restricted to particular materials
such as perlenediimide crystals[54]. In contrast, in the
context of iSF, the transition between the singlet state
and triplet pair state occurs within a covalently linked
dimer, and thus intramolecular vibrations of the linker
part may induce fluctuations in the electronic coupling.
Indeed, quantum chemical calculations of the covalent
tetracene dimer demonstrated that high frequency in-
2tramolecular vibrations induce nonnegligible off-diagonal
coupling as well as diagonal coupling.[37] The two kinds
of coupling have been found to be tunable in a typical
iSF molecule by changing linker types and by engineer-
ing dihedral angles between the chromophore units and
the linker.[38, 42, 43] The corresponding iSF dynamics
has been obtained by treating the exciton states quantum
mechanically and phonons classically, indicating that SF
time scales vary with the linker types.[40, 41] Those in-
vestigations on exciton-phonon coupling are believed to
have helped understand fast iSF observed in a broad
range of organic molecules. However, detailed iSF mech-
anisms under the influence of simultaneous diagonal and
off-diagonal exciton-phonon coupling remain ill under-
stood, and thus a full quantum dynamical investigation
is required for the elucidation of this issue.
Impacts of off-diagonal coupling on exciton dynamics
in organic crystals have been investigated previously by
the Munn-Silbey theory [55] and a variational method
using the Davydov D2 Ansatz [56, 57] Recently, Zhao
and coworkers have developed a refined trial state, the
multiple Davydov D2 Ansatz, to accurately treat dynam-
ics of the generalized Holstein model with simultaneous
diagonal and off-diagonal coupling.[58, 59] Within the
framework of the Dirac-Frenkel time-dependent varia-
tion, accuracy of the method can be carefully monitored
by quantifying how faithfully our result follows the time-
dependent Schro¨dinger equation. In this work, this vari-
ational method will be employed to explore effects of off-
diagonal coupling on iSF dynamics, and to demonstrate
that high frequency phonon modes may open up addi-
tional fission channels for rapid iSF in the presence of
off-diagonal coupling.
In this letter, we focus on a dimer model of the iSF
dynamics on the basis of the four-electron four-orbital
basis.[1, 35] A simple scheme is considered for the iSF
process, |g〉 → |S1〉 → |TT〉, where |g〉 denotes the elec-
tronic ground state, |S1〉 is the singlet state, and |TT〉
represents the correlated triplet pair state. In some or-
ganic materials, the iSF and xSF processes may be accel-
erated by a mediated pathway, in which the singlet state
converts to a triplet pair state via the charge transfer
(CT) state. Quantum chemistry calculations of acene
derivatives have demonstrated that the energy of the
CT state is significantly higher than that of the singlet
excited states,[28, 31] and CT states have been found
not to participate in xSF process as actual intermedi-
ates between S1 and TT.[20, 22–26] Moreover, using elec-
tronic structures calculations and transient absorption
spectroscopy, iSF has been demonstrated to occur via a
direct coupling mechanism that is independent of the CT
states in the covalent pentacene dimer[42] and tetracene
dimer.[37] Therefore, we assume that the sole effect of
the CT states is to effectively couple the S1 and TT
states. We employ a system-bath Hamiltonian describing
the both diagonal and off-diagonal coupling,
Hˆ = Hˆsys + Hˆbath + Hˆsys−bath. (1)
First term of Hˆ is the system Hamiltonian, and is chosen
to be that of an electronically diabatic Hamiltonian for
|g〉, |S1〉 and |TT〉
Hˆsys =
∑
n=S1,TT
ǫng|n〉〈n|+
∑
m=S1,TT
∑
n6=m
Jmn|m〉〈n|,
(2)
where ǫng is the Franck-Condon energy associated with
electronic transition from |g〉 to |n〉, and JS1,TT is
strength of the interstate coupling between S1 and TT.
JS1,TT includes the contribution of the direct coupling be-
tween S1 and TT based on the two electron integrals[1,
19] as well as that of the effective coupling created by
quantum mixing of CT and electronic states. Second
term of Hˆ represents the bath Hamiltonian Hˆbath, and is
given by
Hˆbath =
∑
q
~ωq bˆ
†
q bˆq, (3)
where ωq indicates the frequency of the q-th mode of the
bath with creation operator, bˆ†q, and annihilation oper-
ator, bˆq. Third term of Hˆ represents system-bath cou-
pling, Hˆsys−bath, and is given by
Hˆsys−bath =
∑
n=S1,TT
|n〉〈n|
√
λn,g · Eˆx
+
∑
m=S1,TT
∑
n6=m
|m〉〈n|
√
λo.d.S1,TT · Eˆy, (4)
where we have defined operators Eˆx = ~ωqgq(bˆ
†
q+ bˆq) and
Eˆy = ~ωqcq(bˆ
†
q + bˆq). gq and cq are the diagonal and off-
diagonal exciton-phonon coupling strength between the
system and q-th mode, respectively. λmn represents the
reorganization energy associated with the transition from
|m〉 to |n〉, and λo.d.mn is the amplitude of fluctuations in
interstate coupling between |m〉 and |n〉. Details of both
types of coupling are given in Appendix. The diagonal
coupling describes fluctuations in the electronic energies
induced by intramolecular vibrations, whereas the term
of the off-diagonal coupling attributes to the fluctuations
in electronic coupling induced by intramolecular and in-
termolecular vibrations, as mentioned above. The spec-
tral density Jα(ω) (α = x, y) is a useful measure for char-
acterizing various forms of exciton-phonon coupling, and
can be evaluated in terms of gq (cq) as
Jx(ω) =
π
2
∑
q
~ω2qg
2
qδ(ω − ωq), (5)
Jy(ω) =
π
2
∑
q
~ω2qc
2
qδ(ω − ωq). (6)
In this study, we model the diagonal coupling spectral
densities using underdamped Brownian oscillators with
3Huang-Rhys factor, Sm = λmg/(~ωdiag), such that
Jx(ω) =
4γdiagω
2
diagω
(ω2 − ω2diag)
2 + 4γ2diagω
2
, (7)
where ωdiag is the vibrational frequency and γdiag is the
vibrational relaxation rate. In the iSF materials, the
dominant contributions to off-diagonal coupling are from
the intramolecular vibrations. Similarly, we model the
off-diagonal coupling spectral densities as
Jy(ω) =
4γo.d.ω
2
o.d.ω
(ω2 − ω2o.d.)
2 + 4γ2o.d.ω
2
, (8)
where ωo.d. is the vibrational frequency and γo.d. is the
vibrational relaxation rate.
The multiple Davydov trial states with multiplicityM ,
which are essentially M copies of the corresponding sin-
gle Davydov Ansatz,[58–62] have been developed for the
Holstein model and the spin-boson model. In the two
level system description of the iSF process, one of the
multiple Davydov trial states, the multi-D2 Ansatz with
multiplicity M , can be constructed as[58, 59, 63, 64]
∣∣DM2 〉 =
M∑
i=1
∑
n=S1,TT
cin(t) |n〉 e
(
∑
q
fiq(t)bˆ
†
q−H.c.) |0〉vib
(9)
where H.c. denotes the Hermitian conjugate, and |0〉vib
is the vacuum state of the bosonic bath. cin(t) is time-
dependent variational parameter for the amplitudes in
states |n〉, and fiq(t) denotes the phonon displacements,
where i and q label the i-th coherent superposition state
and q-th effective bath mode, respectively. If M = 1, the
multi-D2 Ansatz is reduced to the usual Davydov D2 trial
state. The time dependent variational parameters cin(t)
and fiq(t) are determined by adopting the Dirac-Frenkel
variational principle. Detailed derivation of equations of
motion for variational parameters are given in references
elsewhere [58, 59, 62, 63] and the Appendix.
To obtain numerical solutions to the equations of mo-
tion for the variational parameters, the continuum spec-
tral densities Jx(ω) and Jy(ω) need to be discretized.
In this study, the method of linear discretization is em-
ployed. The displacement gq for each ωq is given by
g2q = 2Jx (ωq)∆ω/(π~ω
2
q). With respect to off-diagonal
coupling, the displacement cq for each ωq is given by
c2q = 2Jy (ωq)∆ω/(π~ω
2
q). The validity of our variational
method for SF dynamics is carefully examined by quan-
tifying how faithfully our result follows the Schro¨dinger
equation in balance with the computational efficiency, as
details are given in the Appendix.
Below we present and discuss numerical results re-
garding iSF dynamics in the dimer model. A simple
dimer model including two excitonic states S1 and TT
is adopted, and our focus is on the effect of two in-
tramolecular vibration modes, one of which is diagonally
coupled (~ωdiag) to the exciton states, and the other, off-
diagonally coupled (~ωo.d.). A Huang-Rhys factor of 0.7
is chosen for S1, which is estimated from fitting measured
absorption spectra of acene derivatives with a theoreti-
cal spectroscopic model.[65–67] It is found that the re-
organization energy of TT is several times larger than
that of S1 in pentacene derivatives and tetracenes, and
the off-diagonal coupling strength is one order of magni-
tude smaller than the diagonal coupling strength,[24, 68]
such that the Huang-Rhys factor of TT is set at STT =
2SS1 throughout this work, and the off-diagonal coupling
Huang-Rhys factor So.d.S1,TT = λ
o.d.
S1,TT
/(~ωo.d.) is chosen to
be 0.1. To be in line with the beating lifetime due to vi-
brational coherence in 2D electronic spectra of pentacene
derivatives,[48] the vibrational relaxation rates are set to
γ−1diag = γ
−1
o.d. = 1 ps. As the initial condition for our nu-
merics, only the singlet state is excited according to the
Franck-Condon principle. It has been suggested that effi-
cient SF can be achieved by tuning the S1-TT interstate
coupling and triplet pair splitting independently.[45] As
shown in our Hamiltonian (2), excitonic coupling JS1,TT
determines the direct S1-TT coupling. If the frequencies
of the vibrational modes ωdiag and ωo.d. are high com-
pared with the thermal energy kBT , the intramolecular
vibrations are thermally inactivated, and the fission dy-
namics driven by the high frequency modes is tempera-
ture independent in a wide temperature range.[46] Thus,
in this study, temperature is set to be T = 0 to reduce the
numerical cost, although the inclusion of the temperature
effect in the multiple Davydov Ansatz is straightforward
by applying Monte Carlo importance sampling.[62]
We first look into a scenario with weak excitonic cou-
pling JS1,TT = 20 meV and the transition energy ǫS1,g −
ǫTT,g = 100 meV, both of which are typical values for the
SF process in pentacene derivatives.[20, 24, 48] As shown
in Fig. 1(a), the oscillation amplitude of population of S1
is 0.13 in the absence of exciton-phonon coupling (green
line). Despite weak direct coupling, it is suggested that
strong mixing between S1 and TT can be allowed with
the assistance of exciton-phonon coupling.[19, 42] In the
presence of diagonal exciton-phonon coupling the high
frequency phonon modes have been shown to facilitate
the efficient SF if excitonic coupling is weak.[46] Here
we study the impact of off-diagonal coupling on SF dy-
namics. As shown in Fig. 1(a), the population of S1 for
~ωo.d. = 80 meV, calculated by the D
M=3
2 Ansatz, decays
to 0.4 at long times, signaling an efficient SF process. For
this scenario, the emission of a single off-diagonally cou-
pled phonon can relax the initial singlet excitation to a
double triplet state.[54] Consequently, the presence of off-
diagonal coupling changes the SF process substantially if
excitonic coupling is weak.
Next we turn to a case with strong excitonic coupling
JS1,TT = 80 meV and transition energy ǫS1,g − ǫTT,g =
30 meV, as strong excitonic coupling has been achieved
experimentally via interchromophore bridge control in
covalently linked tetracene dimers.[69] As shown in
Fig. 1(b), in the absence of exciton-phonon coupling,
the S1 population exhibits purely Rabi oscillations (green
line), due to strong excitonic coupling. If only diagonal
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Figure 1: Time evolution of the singlet population for (a)
the case of weak excitonic coupling JS1,TT = 20 meV, ǫS1,g −
ǫTT,g = 100 meV, ~ωdiag = 0 meV, and ~ωo.d. = 80 meV, and
(b) the case of strong excitonic coupling JS1,TT = 80 meV,
ǫS1,g − ǫTT,g = 30 meV, ~ωdiag = 95 meV, and ~ωo.d. =
0 meV. The green lines correspond to cases in the absence of
exciton-phonon coupling.
exciton-phonon coupling is added, the picture is changed
drastically (blue line), and the system becomes trapped
in the TT state. This rapid, irreversible decay of the Rabi
oscillation in the SF process is owing to dissipation in-
duced by diagonal exciton-phonon coupling, in agreement
with decay dynamics in the ultrafast charge transfer pro-
cess at an oligothiophene-fullerene heterojunction.[70, 71]
However, efficient SF is not found under the influence
of off-diagonal exciton-phonon coupling if excitonic cou-
pling is strong (See the Appendix).
In particular, for recently developed iSF materials,
such as covalent pentacene and diazadiborine dimers,[37,
40, 42] excitonic coupling strength is often smaller than
the transition energy, so we choose JS1,TT = 20 meV
and ǫS1,g − ǫTT,g = 100 meV in our iSF dynamics
study. Off-diagonal coupling has been found for low-
frequency phonon modes in teracene,[24, 54, 68] and
high-frequency phonon modes in covalent chromophore
dimers.[37, 40, 42] In order to further explore effects of
off-diagonal coupling on iSF, we examine time evolution
of singlet population as functions of ~ωdiag and ~ωo.d..
Fig. 2 shows snapshots of singlet population at t = 100,
250, 500, and 2000 fs. On one hand, a single phonon
mode of ~ωdiag = 80 meV brings about a single efficient
channel for SF dynamics in the absence of off-diagonal
coupling.[46] On the other hand, Fig. 2 clearly exhibits
some channels for rapid SF dynamics due to the presence
of off-diagonal coupling, despite a complex dependence
of efficient SF on ~ωo.d.. In order to better interpret
this dependence, we divide the phase space into three re-
gions, 5 ≤ ~ωo.d. ≤ 50 meV, 50 < ~ωo.d. ≤ 80 meV, and
80 < ~ωo.d. ≤ 110 meV.
If 5 ≤ ~ωo.d. ≤ 50 meV, the SF dynamics in Figs. 2(c)
and 2(d) is driven by the phonon modes around ~ωdiag =
80 meV. Fig. 3 shows the time evolution of singlet pop-
ulation for ~ωo.d. = 20 meV and four values of ~ωdiag.
The dependence of SF on ~ωdiag here is qualitatively sim-
Figure 2: Snapshots of singlet population as functions of
~ωdiag and ~ωo.d. at the time of (a) 100 fs, (b) 250 fs, (c) 500 fs
and (d) 2000 fs. The other parameters are JS1,TT = 20 meV
and ǫS1,g − ǫTT,g = 100 meV.
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Figure 3: Time evolution of singlet population for the the
phonon mode ~ωdiag = 20 meV diagonally coupled to the S1
and TT states. The phonon modes off-diagonally coupled are
(a)~ωo.d. = 20, 40, 60 and 80 meV, (b) ~ωo.d. = 100, 120, 140
and 160 meV. The other parameters are same as Fig. 2
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Figure 4: Time evolution of singlet population for the the
phonon mode ~ωdiag = 60 meV diagonally coupled to the S1
and TT states. The phonon modes off-diagonally coupled are
(a)~ωo.d. = 20, 40, 60 and 80 meV, (b) ~ωo.d. = 100, 120, 140
and 160 meV. The other parameters are same as Fig. 2
ilar to that in the only diagonal coupling scenario.[46]
Due to the low frequency phonon mode ~ωo.d., the value
of λo.d.S1,TT = S
o.d.
S1,TT
~ωo.d. is significantly lower compared
with the diagonal reorganization energy, and thus SF is
dominated by the resonances between vibrational modes
~ωdiag and electronic splittings.
Concerning the intermediate region of 50 < ~ωo.d. ≤
80 meV, efficient SF is found in Fig. 2 via several fis-
sion channels, including that around ~ωdiag = 80 meV.
Fig. 4 shows the time evolution of singlet population for
~ωo.d. = 60 meV and various values of ~ωdiag. The ma-
genta line of ~ωdiag = 80 meV in Fig. 4(a) and the green
line of ~ωdiag = 140 meV in Fig. 4(b) exhibit fast decay
dynamics. However, SF dynamics for both cases is much
slower than that in Fig. 3(a), because the interplay be-
tween fission dynamics and the mode ~ωdiag = 80 meV
is drastically affected by the introduction of the mode
~ωo.d. = 60 meV. What is shown in Fig. 4 is com-
patible with the SF mechanism with two diagonal cou-
pled phonon modes,[46] in which inclusion of a second
phonon mode creates a new SF channel, and if there is
only diagonal coupling, shifts the optimal phonon fre-
quency that promotes SF dynamics. However, in the
presence of off-diagonal coupling, the SF channel around
~ωdiag = 80 meV is found unchanged.
As for the third region, SF dynamics is mainly facil-
itated by the high frequency phonon mode (~ωo.d.), as
shown in Fig. 2. Comparing to the first and second re-
gion, efficient SF in this region is found to be depen-
dent on a larger number of phonon modes, in qualita-
tive agreement with the dependence of SF on multiple
phonon modes in covalent tetracene dimers.[37] Fig. 5
presents the time evolution of singlet population for
~ωo.d. = 100 meV and different values of ~ωdiag. Due
to the high frequency phonon mode ~ωo.d., the initial os-
cillation amplitude is much larger than 0.13, which is the
oscillation amplitude in the absence of exciton-phonon
coupling. The envelope of fast oscillations is found to de-
crease gradually owing to dissipation induced by exciton-
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Figure 5: Time evolution of singlet population for the the
phonon mode ~ωdiag = 60 meV diagonally coupled to the S1
and TT states. The phonon modes off-diagonally coupled are
(a)~ωo.d. = 20, 40, 60 and 80 meV, (b) ~ωo.d. = 100, 120, 140
and 160 meV. The other parameters are same as Fig. 2
phonon coupling. Moreover, the SF time increases with
increasing ~ωdiag.
In conclusion, we have developed a model of iSF dy-
namics including simultaneous diagonal and off-diagonal
exciton-phonon coupling. Following the Dirac-Frenkel
time-dependent variational principle, we provide an ac-
curate description for iSF using the multi-D2 Ansatz, a
superposition of the usual Davydov D2 states. To our
knowledge, diagonal coupling has been reported to aid
efficient SF if excitonic coupling is weak,[19, 46] and it
has also been shown in this work to facilitate efficient
fission if excitonic coupling is strong. Furthermore, we
have demonstrated for the first time that off-diagonal
coupling plays a crucial role in the fission process only
if excitonic coupling is weak. It is determined that iSF
dynamics strongly depends on the frequency of phonon
modes in the presence of off-diagonal coupling, and high-
frequency phonon modes result in efficient iSF even if
the off-diagonal coupling strength is weak. Multiple SF
channels can be created by the simultaneous presence
of diagonal and off-diagonal coupling. Thus a unified
framework has been provided to capture the effects of
diagonal and off-diagonal coupling on SF dynamics. Re-
sults presented here may help provide guiding principles
for design of efficient singlet fission materials by directly
tuning singlet-triplet interstate coupling.
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6Appendix A: Modeling intramolecular vibration
The electronically diabatic Hamiltonian for the elec-
tronic ground state, the singlet state, and the correlated
triplet pair state is given by
Hˆ =
∑
n=g,S1,TT
Hˆn(x)|n〉〈n|+
∑
m=S1,TT
∑
n6=m
Uˆmn(x)|m〉〈n|,
(A1)
where Hˆn(x) denotes the diabatic Hamiltonian for the
vibrational degrees of freedom (DOFs), x, when the elec-
tronic system is in state |n〉. Uˆmn(x) represents the
interstate coupling between S1 and TT. The excitonic
coupling, Uˆmn(x), is modulated by vibrational DOFs,
and the vibrational dependence of Uˆmn(x) gives the off-
diagonal exciton-phonon coupling, as shown below.
The electronic energy of each diabatic state experi-
ences modulations by the intramolecular vibrational mo-
tion. Fluctuations in the electronic energies of the dia-
batic states are quantified by collective energy gap coor-
dinates as
uˆmn = Hˆm(x) − Hˆn(x)− 〈Hˆm(x)− Hˆn(x)〉n, (A2)
where the canonical average, 〈Oˆ〉n = Tr{Oˆρˆ
eq
n } with
ρˆeqn = e
−βHˆn/Tr{e−βHˆn}, has been introduced for any
operator Oˆ. Here β is the inverse temperature, 1/kBT .
The reorganization energy associated with the transition
from |m〉 to |n〉 can be given as
λmn = 〈Hˆm(x)− Hˆn(x)〉n − (ǫ
◦
m − ǫ
◦
n), (A3)
where ǫ◦m denotes the equilibrium energy of the diabatic
state |m〉, namely ǫ◦m = 〈Hˆm(x)〉m.
For photo-induced SF processes, the reaction coordi-
nate associated with the initial photoexcitation, uˆS1,g,
and the coordinate for the subsequent SF, uˆTT,S1 , are
required. Although the equations may involve statisti-
cally orthogonal components of fluctuations, both are
described by the same component of fluctuations (one-
dimensional reaction coordinate model),
uˆS1,g = −
√
λS1,g · Eˆx, (A4)
uˆTT,S1 = −ηTT,S1
√
λTT,S1 · Eˆx (A5)
with ηTT,S1 = cos θTT,S1 = ±1. ηTT,S1 = 1 (−1) corre-
sponds to positive (negative) correlation between S1 and
TT, and Eˆx is normalized as
〈Eˆx; Eˆx〉g = 2/β, (A6)
where 〈Oˆ1; Oˆ2〉g denotes the canonical correlation
of two operators Oˆ1 and Oˆ2, and 〈Oˆ1; Oˆ2〉g =
β−1
∫ β
0 dη〈e
ηHg Oˆ1e
−ηHg Oˆ2〉g. Here we assume that the
vibrational DOFs, x, can be modeled as a set of harmonic
oscillators, and the reaction coordinates Eˆx have Gaus-
sian fluctuations. Thus, the reorganization dynamics can
be characterized by the relaxation function in term of Eˆx,
Ψx(t) = β〈Eˆx(0); Eˆx(t)〉g, (A7)
where Eˆx(t) = e
iHgt/~Eˆxe
−iHgt/~. In this work, we
consider a single intramolecular vibration in molecular
dimer, with frequency, ωdiag, and Huang-Rhys factor,
Sm,1 = λmg/(~ωdiag). The functional form of the relax-
ation function is modeled as the underdamped Brownian
oscillator model,
Ψx(t) = 2
(
cos ω˜diagt+
γdiag
ω˜diag
sin ω˜diagt
)
e−γdiagt, (A8)
where γdiag is the vibrational relaxation rate, and we have
introduced ω˜diag = (ω
2
diag − γ
2
diag)
1/2.
In the same fashion as in the diagonal fluctuations, we
consider the fluctuations in interstate coupling between
electronic states. Flutucations caused by the vibrational
motion are described by the collective coordinate as
uˆo.d.mn = Uˆmn(x)− Jmn, (A9)
where Jmn = 〈Uˆmn(x)〉g denotes the coupling constant
of averaged interstate coupling between two electronic
states. For a unified treatment, we defined the normal-
ized reaction coordinate, Eˆy, as follows
uˆo.d.S1,TT =
√
λo.d.mn · Eˆy, (A10)
where 〈Eˆy; Eˆy〉g = 2/β, and λ
o.d.
mn is the amplitude of vi-
brationally induced fluctuations in interstate coupling
between electronic states. Huang-Rhys factor for off-
diagonal coupling is So.d.mn = λ
o.d.
mn /(~ωo.d.). The dynami-
cal process can be characterized by the relaxation func-
tion in term of Eˆy,
Ψy(t) = β〈Eˆy(0); Eˆy(t)〉g, (A11)
where Eˆy(t) = e
iHgt/~Eˆye
−iHgt/~. The functional form of
the relaxation function is modeled as the underdamped
Brownian oscillator model,
Ψy(t) = 2
(
cos ω˜o.d.t+
γo.d.
ω˜o.d.
sin ω˜o.d.t
)
e−γo.d.t, (A12)
where γvib2 is the vibrational relaxation rate, and ω˜o.d. =
(ω2o.d. − γ
2
o.d.)
1/2 has been introduced. Substituting
Eqs. (A2), (A3), (A4) and (A5) into Eq. (A1), the total
Hamiltonian of the above subsection is recast as Eq. (1)
in the main text.
Appendix B: Validity of variational method
To quantify the accuracy of the variational dynamics
based on the multiple Davydov trial states, we introduce
7a deviation vector ~δ(t) defined as
~δ(t) = ~χ(t)− ~γ(t)
=
∂
∂t
|Ψ(t)〉 −
∂
∂t
|DM2 (t)〉, (B1)
where the vectors ~χ(t) and ~γ(t) obey the Schro¨dinger
equation ~χ(t) = ∂|Ψ(t)〉/∂t = 1i~Hˆ |Ψ(t)〉 and the Dirac-
Frenkel variational dynamics ~γ(t) = ∂|DM2 〉/∂t, respec-
tively. The deviation vector ~δ(t) can be calculated as
~δ(t) = 1i~Hˆ |D
M
2 (t)〉 −
∂
∂t |D
M
2 (t)〉. Thus, the accuracy of
the trial state is indicated by the amplitude of the devia-
tion vector ∆(t) = ||~δ(t)||. In order to view the deviation,
a dimensionless relative deviation σ is calculated as
σ =
max{∆(t)}
mean{Nerr(t)}
, t ∈ [0, tmax]. (B2)
where Nerr(t) = ||~χ(t)|| is the amplitude of the time
derivative of the wave function,
Nerr(t) =
√
−〈
∂
∂t
Ψ(t)|
∂
∂t
Ψ(t)〉
=
√
〈DM2 (t)|Hˆ
2|DM2 (t)〉. (B3)
Appendix C: The multi-D2 Davydov trial state
We first test the accuracy of our multi-D2 Ansatz with
parameters for realistic models. The relative deviation
σ (Eq. B2) is used to quantify how faithfully our result
follows the Schro¨dinger equation. As shown in Fig. 6,
the largest relative deviation σ is found for the single
D2 Ansatz, and the relative deviation σ decreases and
goes to zero as the multiplicity M approaches infinity.
The log-log plot of (σ, 1/M) (inset) indicates a power-
law relationship with an exponent of µ, further inferring
a numerically exact solution in the limit of M →∞.
In order to further support the accuracy of our re-
sults obtained by the variational approach, we compare
the zero-temperature dynamics obtained by the multi-D2
Ansatz with the multilevel Redfield results at T = 1K.
As show in Fig 7, the population dynamics calculated
by the DM=52 Ansatz is in quantitative agreement with
the multilevel Redfield results, yielding a much more ac-
curate result than that with the single D2 Ansatz. In
addition, the relative deviation σ in this case is smaller
than 0.1, small enough to guarantee the accuracy of the
result by the multi-D2 Ansatz. From the viewpoint of
theoretical analysis, these calculated results satisfy the
energy matching condition (ν − 0.7)~ωdiag = 50 meV in
the case of ν = 2, which is obtained from the Fermi
golden formula at the zero temperature limit and the
slow vibrational relaxation limit, namely, γdiag → 0,
kTT←S1 =
∞∑
v=0
1
~2
(
JS1,TT
〈
χS10 |χ
TT
0
〉)2
×δ (ǫS1,g − λS1,g − ǫTT,g + λTT,g − ν~ωdiag) (C1)
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Figure 6: The relative deviation σ of the multi-D2 Ansatz is
displayed as a function of 1/M . The parameters are set to
be ~ωdiag = 90 meV, ~ωvib2 = 65 meV, JS1,TT = 20 meV,
ǫS1,g − ǫTT,g = 100 meV, γ
−1
diag = γ
−1
o.d. = 1 ps, SS1 = 0.7,
STT = 1.4 and S
off
S1,TT
= 0.1.
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Figure 7: Time evolution of singlet population calculated by
the multilevel Red-field approach at T = 1K and the multi-
D2 Ansatz at T = 0K. The frequency of the phonon mode
is set to be ~ωdiag = 40 meV, ~ωo.d. = 0 meV. The other
parameters are fixed at JS1,TT = 10 meV, ǫS1,g − ǫTT,g =
50 meV, γ−1diag = γ
−1
o.d. = 1 ps, SS1 = 0.7, STT = 1.4.
where
∣∣∣〈χS10 |χTT0
〉∣∣∣2 is the Frank-Condon factor associ-
ated with the vibronic transition from the 0-th vibra-
tional level on the S1 to the νth vibrational level on
TT .[46] Thus for the case shown in Fig. 7, the transition
from S1 to TT is driven by the phonon mode at around
~ωdiag = 40 meV satisfying the condition in which the
energy of S1 including the vibrational energy matches its
counterpart in the TT state.
The computational time and memory consumption for
the variational method is also investigated to gain an
understanding of the computational cost. As shown in
Fig.8, a power-law increase of the run time has been
found for the variational approach against the multi-
plicity M of the multi-D2 trial states. In the calcula-
tion, time constant of the vibrational dephasing is set
to be γ−1o.d. = 1 ps. The parameters are set to be
~ωdiag = 60 meV, ~ωo.d. = 30 meV, JS1,TT = 20 meV,
ǫS1,g − ǫTT,g = 100 meV and S
o.d.
S1,TT
= 0.1. Mem-
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Figure 8: CPU time of the multi-D2 Ansatz is displayed as a
function of M . Simulations of dynamical processes are on a
long timescale of 2000 fs and 90 phonon modes are included
in the calculations. In the inset, the relationship of CPU
time∼ Mµ is displayed on a log-log scale and the dashed line
represents a power-law fit.
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Figure 9: Time evolution of the singlet population for the
case of strong excitonic coupling JS1,TT = 80 meV and ǫS1,g−
ǫTT,g = 30 meV with only off-diagonal coupling. The phonon
modes ~ωo.d. are (a) 20 meV and 60 meV, and (b) 100 meV
and 140 meV
ory consumption can be estimated based on the num-
ber of variables in the calculation. There are nearly
(4M + 2MN)2 + 2(4M + 2MN) + 10MN + 9M vari-
ables in our program, where each variable occupies 16
bytes of the memory. For the number of phonon bath
modes N = 200 and the multiplicity of the D2 trial states
M = 12, one has only 358 MB (million bytes), which is
still not too large for computing.
If excitonic coupling is strong, efficient SF is not found
under the influence of off-diagonal exciton-phonon cou-
pling, though both diagonal and off-diagonal coupling
could aid efficient SF if excitonic coupling is weak. As
shown in Fig. 9, when excitonic coupling is strong, the
off-diagonal coupling is not able to trap the system in the
TT state, and thus no efficient SF is obtained.
Appendix D: Equations of motion
In order to apply the Dirac-Frenkel time-dependent
variational principle, we first calculate the Lagrangian
L2,
L2 =
i
2
~
∑
i,j
(
A∗j A˙i − A˙
∗
jAi +B
∗
j B˙i − B˙
∗
jBi
)
Sji
+
i
2
~
∑
i,j
(
A∗jAi +B
∗
jBi
)∑
q
[
f˙∗jqfjq + f
∗
jq f˙jq
2
−
f˙iqf
∗
iq + fiqf˙
∗
iq
2
+ f∗jq f˙iq − fiq f˙
∗
jq]Sji
−
〈
DM2 (t)
∣∣ Hˆ ∣∣DM2 (t)〉 (D1)
where the Debye-Waller factor is Sji =
exp
∑
q
{
−
(
|fjq|
2
+ |fiq|
2
)
/2 + f∗jqfiq
}
, and the
last term in Eq. (D1) can be obtained as
〈
DM2 (t)
∣∣H ∣∣DM2 (t)〉
=
∑
i,j
(
ǫS1A
∗
jAi + ǫTTB
∗
jBi
)
Sji + J
∑
i,j
(
A∗jBi +B
∗
jAi
)
Sji
+
∑
i,j
(
A∗jAi +B
∗
jBi
)∑
q
~ωqf
∗
jqfiqSji
+
∑
q
∑
i,j
(
gS1,qA
∗
jAi + gTT,qB
∗
jBi
)
~ωq
(
fiq + f
∗
jq
)
Sji
+
∑
i,j
(
A∗jBi +B
∗
jAi
)∑
q
cq~ωq
(
fiq + f
∗
jq
)
Sji (D2)
The Dirac-Frenkel variational principle results in equa-
tions of motion for Ai and Bi,
−i~
∑
i
A˙iSki
−
i
2
~
∑
i
Ai
∑
q
[
−
(
f˙iqf
∗
iq + fiqf˙
∗
iq
)
+ 2f∗kq f˙iq
]
Ski
= −ǫS1
∑
i
AiSki − J
∑
i
BiSki −
∑
i
Ai
∑
q
~ωqf
∗
kqfiqSki
−
∑
i
Ai
∑
q
gS1,q~ωq
(
fiq + f
∗
kq
)
Ski
−
∑
i
Bi
∑
q
cq~ωq
(
fiq + f
∗
kq
)
Ski (D3)
9and
−i~
∑
i
B˙iSki
−
i
2
~
∑
i
Bi
∑
q
[
−
(
f˙iqf
∗
iq + fiqf˙
∗
iq
)
+ 2f∗kq f˙iq
]
Ski
= −ǫTT
∑
i
BiSki − J
∑
i
AiSki −
∑
i
Bi
∑
q
~ωqf
∗
kqfiqSki
−
∑
i
Bi
∑
q
gTT,q~ωq
(
fiq + f
∗
kq
)
Ski
−
∑
i
Ai
∑
q
cq~ωq
(
fiq + f
∗
kq
)
Ski (D4)
The equations of motion for fiq are
−i~
∑
i
(
A∗kA˙i +B
∗
kB˙i
)
fiqSki − i~
∑
i
(A∗kAi +B
∗
kBi) f˙iqSki
−
i
2
~
∑
i
(A∗kAi +B
∗
kBi) fiqSki
∑
p
(
2f∗kpf˙ip − f˙ipf
∗
ip − fipf˙
∗
ip
)
= −
∑
i
(ǫS1A
∗
kAi + ǫTTB
∗
kBi) fiqSki (D5)
−J
∑
i
(A∗kBi +B
∗
kAi) fiqSki
−
∑
i
(gS1,qA
∗
kAi + gTT,qB
∗
kBi) ~ωqSki
−
∑
i
fiq
∑
p
(gS1,pA
∗
kAi + gTT,pB
∗
kBi) ~ωp
(
fip + f
∗
kp
)
Ski
−
∑
i
(A∗kBi +B
∗
kAi) cq~ωqSki
−
∑
i
(A∗kBi +B
∗
kAi) fiq
∑
p
cp~ωp
(
fip + f
∗
kp
)
Ski (D6)
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